The estimation of the average travel distance in a low-level picker-to-part order picking system can be done by analytical methods in most cases. Often a uniform distribution of the access frequency over all bin locations is assumed in the storage system. This only applies if the bin location assignment is done randomly. If the access frequency of the articles is considered in the bin location assignment to reduce the average total travel distance of the picker, the access frequency over the bin locations of one aisle can be approximated by an exponential density function or any similar density function. All known calculation methods assume that the average number of orderlines per order is greater than the number of aisles of the storage system. In case of small orders this assumption is often invalid. This paper shows a new approach for calculating the average total travel distance taking into account that the average number of orderlines per order is lower than the total number of aisles in the storage system and the access frequency over the bin locations of an aisle can be approximated by any density function. 
Introduction
Order-picking is a central value-adding process within goods distribution systems. Even in modern logistics facilities, order-picking remains one of the major cost factors due to its high demand for human resources [Tom03] . For this reason, each company strives for the most efficient deployment of its staff.
In low-level picker-to-part order-picking systems, in which the picker physically travels to the location of the Stock-keeping Unit (SKU) to pick an item, a considerable amount of costs can be saved by reducing the total travel distances. This reduces the travel time of the picker and increases the productivity. The personnel expenditure and thus the costs can be reduced. Different pick path routing policies are used for obtaining the shortest path over all individual orders. The policy representing the best solution can be determined by either analytical methods or simulation studies.
all bin locations of an aisle. In this paper a 'bin location' is defined as a unique physical location within the storage system where a single SKU is located. The term 'access frequency' is defined as the average number of times a picker has to travel to an individual bin location over a certain period of time.
In previously accepted analytical, non-simulative estimation methods, a uniform distribution of the access frequency over all bin locations is often assumed in the storage system [Gud73, Sch96] . To obtain a uniform density function for the access frequency over all bins of an aisle, a random bin assignment has to be realized. Figure 1 shows exemplary the average access frequencies of the bins. However, in practice goods are often stored according to their access frequencies (e.g. bin access frequency) to reduce the pickers travel distances. In these cases, the distribution function is not a uniform distribution, but is actually an empirical distribution as shown in Figure 3 . The order picking process in a low-level picker-to-part system is mainly classified into Return and Traversal strategies. The travel time of the Return Strategy is significantly influenced by the density function of the access frequency over all storage bins. The following section describes an estimation method determining the picker's travel time for any distribution function within the aisle. Thus, every bin assignment strategy can be considered.
Currently no standard notations have been evolved in publications about the estimation of the average travel distance in a picker-to-part system. For a better understanding, the following notations will be used in this paper: 
Related work
The first method for the calculation of travel distances in low-level picker-to-part systems using a Return Strategy was published by Gudehus and Kunder [Gud73] [Kun75]. They assumed that the picker moves onedimensionally within the aisle, that the access frequency is uniformly distributed over all bins, and that the number of items per order is greater than the number of aisles to be picked from [Gud05] .
The following three steps are required to calculate the travel distance in a low-level picker-to-part system accordingly: First, the average number of aisles χ is determined which have to be visited during the picking of n items. Second, the average number of items k picked in an aisle is determined. Third, the distance s k which a picker has to cover in an aisle when picking k items in this aisle is calculated. With this information, the complete within-aisle distance for a single work assignment (e.g. customer order) can be calculated by multiplying s k with the average number of aisles χ. Hall's estimation of the mean distances is based on the approaches of Gudehus and Kunder [Hal93] . Based on their results Hall has developed estimation algorithms for the Midpoint Heuristic and the Largest Gap Heuristic, assuming a random distribution of items in the storage system.
Roodbergen and Vis describe a more accurate approach for estimating the travel distance for the Traversal Strategy as well as for the Largest Gap pick path routing strategy [Roo06] . In their approach they also assume that the storage bin assignment is random.
Le Duc and de Koster give an approach for the estimation of the travel distance in a two-block class based storage system [LeD05] .
Caron has presented an estimation method for the average distance of the Traversal Strategy and the Return Strategy in which the access frequency can be represented by any density function [Car98] . In this particular case, the density function of the Cube-per-Order-Index (COI) bin location assignment strategy is used. The calculations assume a one block layout with an external, central basis. 
Thus kR. This approach is based on the assumption that ranks are built and that it is ensured that kN and k>0. Therefore, the equation cannot be formally applied in all cases without the acceptance of roundoff error and the related inaccuracy.
For the reasons mentioned above, none of these approaches offer a general mathematical solution in which the access frequencies within an aisle can be distributed in any way, and the number of orderlines per work assignment is not related to the number of aisles in the storage system.
Calculation of the average travel distances
To find an analytical solution by means of probability calculation and combinatorics, the following assumptions were made:  The picking warehouse is a low-level storage system with one or more equally long racks  All bin locations have the same size (e.g. pallet bin)  All bin locations contain items of a single SKU  The access frequencies for all aisles are equal  The distribution function of the access frequencies versus the distance from bin to aisle front is known  The distribution function of the access frequencies is the same for all aisles
The distance s n which is covered in a conventional picking system during the picking of a work assignment with n items, consists of the basic distance s B , the within-aisles distance s W and the across-aisles distance s A ( Figure 5 ). Thus the average distance to be covered for picking of n items can be described by
To estimate the basic distance, the within-aisle distance and the across-aisle distance, certain parameters of the related order picking system have to be known. Figure 6 defines these parameters for a single block layout as well as for a double block layout. It is assumed that the basic distance s B which generally depends only on the storage system layout, is known. The within-aisles distance s W and the across-aisles distance s A , on the other hand, depend on the pick path routing strategy of the picker.
As routing strategy, the Return Strategy With and Without Repetition, the Traversal Strategy With and Without Skips, the Midpoint Heuristic as well as the Largest-Gap Heuristic can be differentiated. In the following sections, the method for estimating the travel distance using the Return Strategy With and Without Repetition, the Midpoint Heuristic and the Traversal Strategy With and Without Skips is described.
Estimation of the within-aisle distance
The within-aisles distance describes the distance to be covered by an order picker within the aisles while picking n items. The n items are distributed across N A aisles. The within-aisle distance depends on the routing strategy used. Additionally the constant length in front of the aisle L C has to be considered [StH08].
Return Strategy With Repetitions
If the Return Strategy With Repetition is used, the average distance that the picker has to travel into an aisle for one item is equal to the sum of the constant length L C and the expected value of the standardized probability density function f(x) multiplied with the length of the aisle L.
Since the probability density function is the same for all aisles, the expected values are also the same. Considering the way inside the aisle and back, the travel distance s W for picking n items is described by
If the access frequency is equal to a uniform distribution with a=0 and b=1, then the travel distance s W by using (1) in (7) turns into
If the access frequency of the bin locations is modeled by an exponential distribution, the within-aisle distance using (3) in (7) resolves to
These equations are valid in the single block layout as well as in the double block layout.
Return Strategy Without Repetition
Depending on the number of orderlines per aisle r, there are different average distances s r which have to be covered by the picker in each aisle. When the average distance s r is multiplied by the probability of its occurrence, the within-aisle distance s W is generally calculated as follows:
If p i (r) is the probability to find r orderlines in aisle i, the relation to the overall probability p all (r) is
If the access frequencies are the same for each aisle the probability is
The probability of the distance s r thus can be described by
The within-aisles distance s W can be calculated by using (13) To accomplish this, the distance s r which has to be covered in an aisle during the picking of r orderlines must be calculated. In the second step, the respective probabilities are determined. According to the pick path routing strategy applied, there are different approaches to determine s r .
In the Return Strategy, the average distance to be covered in an aisle during the picking of r orderlines depends only on the bin location with the maximum distance to the aisle front. When the density function f(x) of the access frequencies versus the distance from the aisle front is known, the random variable X can be defined as the maximum distance to be covered during the picking of r orderlines. The distribution function of the maximum values X (r) (x) can be described by the following equation according to the order statistic rules [Gen04, Mod73] 
The density function f X(r) (x) of X (r) (x) corresponds to the derivation of the distribution function
The expected value of f X(r) (x) represents the expected distance that an order picker has to go into an aisle to pick r orderlines without repetitions according to the Return Strategy. Since the order picker's path back is the same and the constant length L C is considered, the following equation applies
The general definition of the expected value and (16) results in
Alternatively, the expected value can be determined as follows
The resulting equation for the average distance s r covered during the non-repetitive picking of r orderlines according to the Return Strategy using (18) in (17) turns into
Or by using (19) in (17) turns into DOI 10.2195/2011_03_Sadowsky
When the known distances have to be covered within an aisle to pick the orderlines, the Laplace probability p(r) must be determined for the case that exactly r items out of a total of n items are picked in an aisle. This can be described by an urn model without return. The urn holds M A black balls and M-M A white balls. The black balls represent the stored items in the respective aisle and the white balls the items in all other aisles. A sample n is taken from the urn without return. To determine the probability that the sample n contains exactly r black balls, it is required to count all possible combinations of r black balls. Since no ball is returned and the sequence is not considered, the number of possible combinations is the binomial coefficient of M A and r
The number of possible combinations of n-r white balls is determined in the same way, i.e. ,...
The probability to pick r orderlines in an aisle corresponds to the hyper geometrical distribution. By using (20) and (22) in (14) the distance in an aisle s W is generally calculated as follows
In case of the access frequency being uniformly distributed over the complete length L of the aisle, in (1) the parameters a and b apply to a=0 and b=1. So (20) simplifies to 
By using (22) and (25) in (10) the within-aisle distance s W is
When the access frequency of the bin locations is modeled by a standard exponential distribution, as described above, the average within-aisles distances using (4) in (21) are
Using (22) and (27) in (10) the within-aisles distance is
Midpoint Heuristic
If the picker moves through the storage according to the midpoint heuristic, the within-aisle distance can be calculated basically in the same way as the Return Strategy Without Repetition.
Using this strategy, the picker has to change the aisles minimum once on the rear side of the storage. Thus, the order picker covers at least a constant section of the distance
independent from the number of orderlines to be picked. Only if all items are located in one aisle, this section is shorter. However, this is an exception, which is neglected in the calculations. Therefore the whole within-aisle travel distance which is covered during one picking tour, consists of a constant section and a variable section.
Because two aisles are already considered for the constant distance calculation, the number of aisles to be considered for the variable section must be reduced by two units.
The order picker enters the remaining aisles (N A -2) once on the front side and once on the rear side and only moves up to the middle of the aisle. For this reason, all remaining aisles are regarded as two independent aisles with half length and half number of items. If N A * is defined as number of aisles to be considered in the variable section and L * und M A * as the according length and number of items per aisle, the whole within-aisle travel distance is obtained by the addition of (29) and (23)
the general relation for the calculation of the within-aisle travel distance when applying the Midpoint Heuristic in a one block aisle layout can be obtained by The within-aisle travel distance in the double block layout therefore is determined by the relation
If the access frequency of one item is considered during the bin assignment and the Midpoint Heuristic is applied, it is reasonable to place the items with the highest access frequencies at the beginning and at the end of the aisles. The access frequency can be approached by the exponential distribution up to the middle of the aisle. For the calculation of the within-aisle distance, the expected value E(X) * has to be known. This value can be derived from the bin assignment of the items.
Thus, using the Midpoint Heuristic the within-aisle distance depends on the layout and the distribution density function.
The following cases show the different equations for the diverse combinations of layouts and density functions.
Case 1: Single block layout / uniform distribution: 
For the double block layout analogously applies.
Case 3: Double block layout / uniform distribution 
Traversal Strategy With Skips
When the order picker works according to the Traversal Strategy and skips those aisles where no items have to be picked, the aisle distance can be calculated with (10). The distances then always correspond to the total aisle length 4 5 ) and by using (45) in (43) the result is
By using (47) in (46) the average within-aisles distance to be covered in a Traversal Strategy With Skips is
Traversal Strategy Without Skips
Using the Traversal Strategy Without Skips, the picker has to pass each aisle at least once. When the number of aisles is odd the last aisle is passed twice. The within-aisle distance therefore depends on the number of aisles, i.e. 
Estimation of the across-aisles distance
Two aspects have to be considered when calculating the across-aisles distance. If the order picker follows the Traversal Strategy Without Skips, the aisle changing distance is twice the distance W between the first and the last aisle if the base is located outside the order picking system (see Figure 6 ), i.e.
If the order picker knows at the beginning of his tour where the items are located, he can skip all unused aisles. The across-aisles distance then corresponds to the distance between the most remote aisle and the path back to the base. Here, the approach in (16) is used whereas r has to be replaced by n. The equation is
By using (1) and (2) in (51) the across-aisle distance for the uniform distribution results in
When the access frequency across all aisles is assumed to be equal, the following equation applies for the parameters a=0 and b=W.
dx W
The methodology for estimating the across-aisle distance in a single block layout is equal to the double block layout. If the base located inside the order picking system and n>1 the across-aisle distance is also equal in both systems [Sch96] .
Validation of the travel distance calculation method using simulation
The presented estimation method for the determination of travel distances in a low-level picker-to-part orderpicking system was developed on the basis of several assumptions and restrictions. As a result of these simplifications, the calculated values may not exactly match the values of the real system. For using the estimation method during the planning stage, the accuracy level must be defined. A simulation model for the representation of different warehouse dimensions has been developed for determining the accuracy. With the simulation model the stochastic effects of real systems can be considered and the exact travel distances covered by an order picker when processing a work assignment can be determined experimentally. By comparing the estimated values with results of the simulation, the accuracy of the calculations can be determined. A precise description of the validation of the simulation model is given in [Sad07] . Besides this, the results of the common calculation methods are also compared with the results of the simulation model.
Basis
The three systems examined vary in the size of their assortments, their bin location width and the number of aisles. Regarding the number of aisles and the assortment size, the parameters were chosen to cover the most common range of real world systems. In the simulation model and during the calculations, the SKU access frequency is realized by means of an exponential distribution with a specified expected value E(X). This ensures that identical preconditions are obtained for the analytical determination of the aisle distances and the travel distances across-aisles, as well as for those values determined during the simulation. Table 1 provides an overview of the data of the three systems. The within-aisle distance and the across-aisles distance are determined analytically and by simulation during the following investigation for a fixed specified number of orderlines per work assignment. The investigation is comprised of orders with n  {1…50} orderlines per order. The within-aisle distances are investigated for the Traversal Strategy With Skips (TPwS), for the Return Strategy With Repetition (RPwR), and for the Return Strategy Without Repetition (RPoR).
The simulated and analytically determined travel distances are graphically represented, depending on the number of orderlines per order. Moreover, the simulation covers the percentile deviation of the different calculation methods.
Since the results of the three investigated systems draw the same conclusions, only the results of system 2 are presented and explained in detail. For the results of systems 1 and 3, please refer to the appendix.
Representation of the results
If the SKU access frequency is considered during the bin assignment process, the access frequency over the distance from the aisle front corresponds with the density function describing the access frequency of all items. During the validation, an expected value E(X) of 0.1244 was assumed for the standardized exponential distribution, based on the fact that in this case 20% of the items required account for 80% of the bin accesses. Both calculation methods produce major deviations from the simulation data for n = 1. This is due to the fact that the picker does not cover the travel distance of a Traversal Strategy when picking a single item order. In reality, the picker enters an aisle, picks the required item, simultaneously finishing the order, and then travels back to the aisle front. That means that the actual travel distance of the order picker is equivalent to the pick path of the Return Strategy. A comparison of the aisle distances for the Traversal Strategy and the Return Strategy for n = 1, which are determined during the simulation, confirms this statement. If the order consists of two orderlines, the probability that both orderlines are located in different aisles is very high. For this reason, two aisles are passed through in most cases. In this case, the results of the new estimation method vary by only 3.73% from the simulation results. In case of three orderlines per order, there is a similar effect as in the single item order example. In this case the deviation has a lower impact since the first two orderlines have been picked according to the Traversal Strategy, and only the pick path of the third item complies with the Return Strategy. Nevertheless, the deviation still amounts to 21.73%. The higher the quantity of orderliness per order, the lower the deviation rate since the total distance has become longer. With five orderlines per order, the rate of deviation falls to 10%. Beginning with 10 orderlines per order the 5% mark will not be reached. If there are more than 25 orderlines per order, the deviation will fall to less than 1%. Hwang's estimations show, at first, a similar shape. However, if there are more than 3 orderlines per order, the deviation rate is decreasing into the negative range. At nine orderlines the deviation rate per order reaches -45%. This deviation remains constant at this level even if there are more orderlines. Regarding to the Return Strategy, both estimation methods largely match the simulation data ( Figure 10) . Compared with the simulation (Figure 11 ) both methods have a max. deviation of 1.5% (Sadowsky), respectively 8% (Hwang). Figure 15 . In case of a low number of orderliness, the within-aisle distance determined for the Midpoint Heuristic according to the new calculation method considerably deviates at the beginning. This is due to the constant part of the distance. If there are more than four orderlines, the deviation drops below 10%. If more than ten orderlines are picked per order, the deviation is less than 5%.
The curve progression for Hwang's calculation method is very similar for low numbers of orderlines. If there are two orderlines per order, the deviation falls to -2.47%. With an increasing number of orderlines per order, the deviation rises up to 11%. The length of the across-aisle distance does not depend on the pick path routing strategy. The simulation process thereby provides identical results for each pick path routing strategy regarding the across-aisle distance. The consideration of the density function of the access frequency within the aisles is only relevant to the calculations of Hwang. All other methods do not take this distribution into account. Figures 16 and 17 show the average across-aisle distances and the percentile deviation from the simulation in the case of a uniformly distributed access rate within the aisles. These findings prove that the new estimation method gives the most accurate within-aisle distances for all pick path routing strategies. Even for the across-aisle distance (see Table 2 ), the deviations amount to 1% -10% depending on the strategy and the quantity of orderlines per order.
The essential findings for systems 1, 2 and 3 are pictured in Tables 2, 3 and 4. The deviations between calculation and simulation can mainly be attributed to discrete intervals between the bin locations (within-aisle distance) respectively between the aisles (across-aisle distance) of real picking systems. In the calculation continuous functions are used instead of discrete functions. This explains why the deviation values decrease as the bin location density increases and as the number of aisles increases.
Conclusion
The procedure for the calculation of average travel distances in low-level picker-to-part systems, as described in this paper, is a simple, applicable procedure for the planning of order picking systems. By comparison to simulated results, it has been validated that the new calculation method defined in this paper provides more precise values than current accepted methods, especially for cases with a low number of orderlines per order and storage bin assignment based on the SKU access frequencies.
For an exponentially distributed access rate within the aisle, a minimum accuracy of 90% is achieved for the Traversal Strategy with more than five orderlines per order. Because of the accuracies achieved, the presented procedure for the determination of travel distances in lowlevel picker-to-part systems can be used to support the planning of order picking systems. The accuracy of the new method allows to analytically determine the efficiency of different combinations of layout design, storage bin assignment policies, and pick path routing strategies and to accurately select the most efficient system layout. 
